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Abstract
In this paper, first part, we establish some fixed point theorems for a k-set contraction map on the nearly-
subadmissible subsets of a complete metric space. The second part, we deduce a generalization of the
approximate fixed point theorem for the lower semicontinuous mappings on a metric space.
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1. Introduction
In 2005, A. Amimi, M. Fakhar, J. Zafarni [3] introduced the class of KKM-type and estab-
lished some fixed point theorems on a metric space. In this paper, first part, we establish some
fixed point theorems with domain as a nearly-subadmissible subset of a complete metric space
(M,d) for a k-set contraction map, which not need to be a compact map. In the second part,
we deduce a generalization of the approximate fixed point theorem for the lower semicontinuous
mappings on a metric space.
We digress briefly to list some notations and review some definitions. Let X and Y be two
Hausdorff topological spaces and T :X → 2Y be a set-valued mapping. Then T is said to be
closed if its graph GT = {(x, y) ∈ X×Y : y ∈ T (x)} is closed. T is said to be compact if the image
T (X) of X under T is contained in a compact subset of Y . T is said to be lower semicontinuous,
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notations are used:
(i) T (x) = {y ∈ Y : y ∈ T (x)},
(ii) T (A) =⋃x∈A T (x),
(iii) if D is a nonempty subset of X, then 〈D〉 denotes the class of all nonempty finite subsets
of D.
Let (M,d) be a metric space, X ⊂ M and δ > 0. Let BM(X, δ) = {x ∈ M: d(x,X) δ} and
NM(X, δ) = {x ∈ M: d(x,X) < δ}.
Suppose that X is a bounded subset of a metric space (M,d). Then:
(i) co(X) =⋂{B ⊂ M: B is a closed ball in M such that X ⊂ B}, and
(ii) X is said to be subadmissible [3], if for each A ∈ 〈X〉, co(A) ⊂ X.
We now introduce a new class of nonsubadmissible sets. A nonempty subset X of a metric
space (M,d) is said to be nearly-subadmissible if for each compact subset A of X and for each
γ > 0, there exists a continuous mapping hA,γ :A → X such that x ∈ N(hA,γ (x), γ ) for each
x ∈ A and co(hA,γ (A)) ⊂ X. A nonempty subset X of a metric space (M,d) is said to be almost-
subadmissible if for each A = {x1, x2, . . . , xn} ∈ 〈X〉 and for each γ > 0, there exists a mapping
hA,γ :A → X such that xi ∈ N(hA,γ (xi), γ ) for each i = 1,2, . . . , n and co(hA,γ (A)) ⊂ X.
Remark 1. Every subadmissible set is almost-subadmissible, but the inverse is not true, in gen-
eral.
Proof. Let X be a subadmissible subset of a metric space (M,d) and A = {x1, x2, . . . , xn} ∈
〈X〉. For each γ > 0, we let the mapping h :A → X be the identity mapping I , then xi ∈
N(hA,γ (xi), γ ) for each i = 1,2, . . . , n and co(hA,γ (A)) = co(IA,γ (A)) ⊂ X. This implies that
X is almost-subadmissible.
But, the almost-subadmissible set is not subadmissible. For counterexample:
Let M = R2 and d(x, y) = ((x1 −y1)2+(x2−y2)2)1/2, where x = (x1, x2), y = (y1, y2) ∈ M .
Then N ′(0,1) = {x = (x1, x2) ∈ M: d(x,0) < 1} ∪ {(1,0), (−1,0), (0,1), (0,−1)} is
almost-subadmissible, but it is not subadmissible, since co{(1,0), (−1,0), (0,1), (0,−1)} 
N ′(0,1). 
The concept of measure of noncompactness, introduced by Kuratowski [2], is defined below.
Definition 1. Let D be a bounded subset of a metric space (M,d). Define the measure of non-
compactness α(D) of D by
α(D) = inf{ε > 0: D can be covered by finitely many sets with diameter  ε}.
We state the following properties of α in any complete metric space. For the proofs see Nuss-
baum [2].
Proposition 1. Let D1,D2 be bounded subsets of a complete metric space (M,d). Then
(i) α(D1) = 0 if and only if D1 is precompact,
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(iii) α(D1 ∪ D2) = max{α(D1), α(D2)}.
Let X be a nonempty subset of a metric space (M,d). A mapping T :X → 2M is said to be
k-set contraction if, for each A ⊂ X with A bounded, T (A) is bounded and α(T (A)) kα(A),
0 < k < 1.
2. Some fixed point theorems for k-set contraction
Let (M,d) be a metric space, X a nonempty subset of M , and Y a topological space. If
T ,F :X → 2Y are two set-valued mappings such that for any A ∈ 〈X〉, T (co(A) ∩ X) ⊂ F(A),
then F is called a generalized KKM mapping with respect to T .
Let T :X → 2Y be a set-valued mapping such that if F :X → 2Y is a generalized KKM
mapping with respect to T then the family {Fx: x ∈ X} has the finite intersection property
(where Fx denotes the closure of Fx), then we say that T has the KKM property. Denote
KKM(X,Y ) = {T :X → 2Y : T has the KKM property}.
The following generalization of the Cantor Intersection Theorem [2] will play important role
in this section.
Lemma 1. Let M be a complete metric space and A1,A2, . . . a decreasing sequence of nonempty
closed subsets of M . Assume that α(An) → 0 as n → ∞. Then A∞ =⋂n1 An is a nonempty
compact set and An approaches A∞ in Hausdorff metric.
By the above definition and the conception of the KKM(X,Y ) family, we have the following
lemma.
Lemma 2. Let X be a nonempty subset of a metric space (M,d), Y and Z two topological
spaces. Then
(i) f T ∈ KKM(X,Z) whenever T ∈ KKM(X,Y ) and f ∈ C(Y,Z),
(ii) T |D ∈ KKM(D,Y ) whenever T ∈ KKM(X,Y ) and D is a nonempty subset of X.
Proof. (i) Let F :X → 2Z be a generalized KKM mapping with respect to f T such that Fx is
closed for each x ∈ X. Then for any A = {x1, x2, . . . , xn} ∈ 〈X〉, f T (co(A) ∩ X) ⊂⋃ni=1 Fxi .
So T (co(A) ∩ X) ⊂⋃ni=1 f −1Fxi , which says that f −1F is a generalized KKM mapping with
respect to T . Since T ∈ KKM(X,Y ), the family {f −1Fx: x ∈ X} has the finite intersection
property, and so does the family {Fx: x ∈ X}. This shows that f T ∈ KKM(X,Z).
(ii) Let F :D → 2Y be a generalized KKM mapping with respect to T |D . Then T |D(co(A) ∩
D) ⊂ F(A), for any finite subset A of D. Define F ′ :X → 2Y by
F ′(x) =
{
F(x), x ∈ D,
Y, x ∈ X \ D.
It is clear that for any finite subset B of X, we have T (co(B) ∩ X) ⊂ F ′(B). Indeed,
(1) if B D, then there exists some x ∈ B \ D, and hence F ′(x) = Y . So the result is obvious;
(2) if B ⊂ D, since F be a generalized KKM mapping with respect to T |D , the inclusion is true.
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family {F ′x: x ∈ X} has finite intersection property, and hence the family {Fx: x ∈ D}. So
T |D ∈ KKM(D,Y ). 
We now concern some fixed point theorems with domain as a nearly-subadmissible subset of
a complete metric space (M,d) for a k-set contraction map T , which need not to be a compact
map.
The main result of this section is the following fixed point theorem for the k-set contraction.
Theorem 1. Let (M,d) be a complete metric space and X be a nonempty bounded nearly-
subadmissible subset of M . If T ∈ KKM(X,X) is a k-set contraction, 0 < k < 1 and closed with
T (X) ⊂ X, then T has a fixed point in X.
Proof. Let ε > 0 be given. Since T is a k-set contraction, we have α(T (A))  kα(A), for
each bounded A of X. Take y ∈ X, and let X0 = X, X1 = co(T (X0) ∪ {y}) ∩ X, and Xn+1 =
co(T (Xn) ∪ {y}) ∩ X, for each n ∈ N . Then
(1) Xn+1 ⊂ Xn, for each n ∈ N ,
(2) T (Xn) ⊂ Xn+1, for each n ∈ N , and
(3) α(Xn+1) α(T (Xn)) kα(Xn) · · · knα(X), for each n ∈ N .
Thus α(Xn) → 0, as n → ∞, and hence X∞ =⋂n1 Xn is a nonempty precompact set. Since
T (X) ⊂ X and T (Xn+1) ⊂ T (Xn) ⊂ T (X) for each n ∈ N , we have T (Xn+1) ⊂ T (Xn) ⊂ X for
each n ∈ N . Since α(T (Xn)) → 0 as n → ∞, by Lemma 1, we have T (X∞) =⋂n1 T (Xn) is
a nonempty compact subset of X.
Since X is nearly-subadmissible and T (X∞) is a compact subset of X, there exists a con-
tinuous mapping hT (X∞),ε :T (X∞) → X such that x ∈ N(hT (X∞),ε(x), ε) for each x ∈ T (X∞),
and Z = co(hT (X∞),γ (T (X∞))) ⊂ X. Since T ∈ KKM(X,X) and X∞ is a nonempty subset
of X, by Lemma 2(ii), T |X∞ ∈ KKM(X∞,X). Next, we let G :h ◦ T |X∞ , by Lemma 2(i),
G ∈ KKM(X∞,Z) and G is closed, since T is closed, h is continuous and X∞ is compact.
We now claim that for each , there exists an x ∈ X∞ such that B(x,  + ε) ∩ G(x) = ∅.
If the above statement is not true, then there exists ′ such that B(x, ′ + ε) ∩ G(x) = ∅,
for all x ∈ X∞. Let K = G(X∞) = hT (X∞),ε(T (X∞)). Then K ⊂ hT (X∞),ε(T (X∞)) =
hT (X∞),ε(T (X∞)) ⊂ Z and K is a compact subset of Z.
Define F :X∞ → 2Z by F(x) = K \ N(x, ′ + ε), x ∈ X∞. Then
(1) F(x) is compact, for each x ∈ Y , and
(2) F is a generalized KKM mapping with respect to G.
We prove (2) by contradiction. Assume that there exists A = {x1, x2, . . . , xn} ∈ 〈X∞〉 such that
G(co(x1, x2, . . . , xn)∩X∞)⋃ni=1 Fxi . Then there exist μ ∈ co{x1, x2, . . . , xn} ∩X∞ and ν ∈
G(μ) ⊂ G(X∞) = K such that ν /∈ ⋃ni=1 Fxi . From the definition of F , it follows that ν ∈
N(xi, 
′ + ε) for each i ∈ {1,2, . . . , n}. Hence, xi ∈ N(ν, ′ + ε) for each i ∈ {1,2, . . . , n}. And,
since μ ∈ co{x1, x2, . . . , xn}, ν ∈ G(μ), we have μ ∈ co(A) ⊂ B(ν, ′ + ε), which implies that
ν ∈ B(μ, ′+ε). Therefore, ν ∈ G(μ)∩B(μ, ′+ε). This contradicts to B(x, ′+ε)∩G(x) = ∅,
for all x ∈ X∞. Hence, F is a generalized KKM mapping with respect to G.
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so we conclude that
⋂
x∈X∞ F(x) = ∅. Choose η ∈
⋂
x∈X∞ F(x), then η ∈ K \ N(x, ′ + ε),
for all x ∈ X∞. Since η ∈ ⋂x∈X∞ F(x) ⊂ K ⊂ hT (X∞),ε(T (X∞)) ⊂ ⋃x∈T (X∞) N(x, ε) ⊂⋃
x∈X∞ N(x, ε), so there exists a x0 ∈ X∞ such that η ∈ N(x0, ′ +ε). But η ∈ K \N(x0, ′ +ε),
we have reached a contradiction. Therefore, we have proved that for each , there exists an
x ∈ X∞ such that B(x,  + ε) ∩ G(x) = ∅. Let y ∈ B(x,  + ε) ∩ G(x). Since {y} ⊂ K
and K is compact, we may assume that {y} converges to some yν ∈ K , and since x ∈ X∞, we
may assume {x} converges to xν . The closeness of G implies that (xν, yν) ∈ GG, so we have
yν ∈ B(xν, ε) and yν ∈ G(xν) = hT (xν). Choose zν ∈ T (xν) such that yν = h(zν). Noting that
zν ∈ N(h(zν), ε) = N(yν, ε), we have that zν ∈ N(yν,3ε). Therefore, T (xν)∩N(yν,3ε) = ∅ for
each ε > 0, which just as before, implies T has a fixed point x ∈ X. 
Corollary 1. Let (M,d) be a complete metric space and X is a nonempty bounded subadmissible
subset of M . If T ∈ KKM(X,X) is a k-set contraction, 0 < k < 1, and closed with T (X) ⊂ X,
then T has a fixed point in X.
Theorem 2. Let (M,d) be a metric space and X is a nonempty nearly-subadmissible subset
of M . If T ∈ KKM(X,X) is compact and closed, then T has a fixed point in X.
Proof. Let ε > 0. Since T (X) is a compact subset of X and X is nearly-subadmissible, there
exists a mapping hT (X),ε :T (X) → X such that x ∈ N(hT (X),ε, ε) for each x ∈ T (X) and
co(hT (X),ε(T (X))) ⊂ X. The remainder of the proof, we use the same process as the above
Theorem 1, and then we can obtain an x ∈ X such that x ∈ T (x). 
From Theorem 2, we have immediately the following [3, Theorem 2.2].
Theorem 3. Let (M,d) be a metric space and X is a nonempty subadmissible subset of M . If
T ∈ KKM(X,X) is compact and closed, then T has a fixed point in X.
3. The approximate fixed point theorem for the lower semicontinuous map
Let X be a nonempty subadmissible subset of a metric space (M,d), and let D be a nonempty
subset of X such that co(D) ⊂ X. A set-valued mapping T :D → 2X is called a KKM mapping,
if co(A) ⊂ T (A) for each A ∈ 〈D〉.
Theorem 4. Let X be a nonempty subadmissible subset of a metric space (M,d), D a nonempty
subset of X such that co(D) ⊂ X, and let T :D → 2X be a closed-valued KKM mapping. Then
{T (x)}x∈D has the finite intersection property.
Proof. Given a finite subset A = {x0, x1, x2, . . . , xn} of D consider the n-simplex Δn =
e0e1e2 · · · en in Euclidean n-space with vertices e0 = (1,0,0, . . .), . . . , en = (0,0, . . . ,1). Define
a continuous f :Δn → X by f (∑ni=0 λiei) = co{x0, x1, x2, . . . , xn} for λi  0, ∑ni=0 λi = 1.
Consider the n + 1 closed subset Bi = f −1(T (xi)), 0 i  n, of Δn. Since T is a KKM map,
for any indices 0 i0 < ik  n the k-simplex ei0, ei1, . . . , eik is contained in Bi0 ∪Bi1 ∪· · ·∪Bik .
Applying the KKM theorem [1], we have ⋂ni=0 Bi = ∅ and therefore ⋂ni=0 T (xi) = ∅. 
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approximate fixed point property [2] if for each ε > 0, there exists xε ∈ X such that T (xε) ∩
B(xε, ε) = ∅. We establish now the approximate fixed point property of the KKM mapping on
an almost-subadmissible subset of a metric space.
Theorem 5. Let (M,d) be a metric space and X be an almost-subadmissible subset of M . If
T :X → 2X is lower semicontinuous such that T (X) is precompact, then T has the approximate
fixed point property.
Proof. Let ε > 0 be given. Since T (X) is precompact, there exists a finite subset A =
{x0, x1, x2, . . . , xn} of X such that T (X) ⊂⋃ni=0 N(xi, ε).
Since X is almost-subadmissible and A = {x0, x1, . . . , xn} ⊂ X, there exists a mapping hA,ε:
A → X such that xi ∈ N(hA,ε(xi), ε) for each i ∈ {0,1,2, . . . , n}, and Z = co(hA,ε(A)) ⊂ X.
Now we define T ′ :hA,ε(A) → 2Z by
T ′
(
hA,ε(xi)
)= {z ∈ Z | T (z) ∩ N(xi, ε) = ∅} for each xi ∈ A, i = 0,1,2, . . . , n.
Since T is lower semicontinuous, T ′(hA,ε(xi)) is closed in Z for each i = 0,1,2, . . . , n.
Moreover,
⋂n
i=0 T ′(hA,ε) = {z ∈ Z: T (z) ∩
⋃n
i=0 N(xi, ε) = ∅} = ∅, since T (X) ⊂⋃n
i=0 N(xi, ε). By Theorem 4, T ′ is not a KKM mapping, and then there exists a fi-
nite subset h(A1) = {hA,ε(xi0), hA,ε(xi1), . . . , hA,ε(xik )} of hA,ε(A) such that co(h(A1)) ⋃k
j=0 T ′(hA,ε(xij )). Thus, there is an xε ∈ co(h(A1)) such that xε /∈
⋃k
j=0 T ′(hA,ε(xij )),
which implies T (xε) ∩ N(xij , ε) = ∅ for each j = 0,1,2, . . . , k. Let η ∈ T (xε) ∩ N(xij , ε)
for each j = 0,1,2, . . . , k. Then η ∈ T (xε) and η ∈ N(xij , ε) for each j = 0,1,2, . . . , k. This
implies that xij ∈ N(η, ε) for each j = 0,1,2, . . . , k. And, since hA,ε(xij ) ∈ N(xij , ε), we
have that hA,ε(xij ) ∈ N(η,2ε), which xε ∈ co(h(A1)) ⊂ B(η,2ε), η ∈ B(xε,2ε). Therefore,
T (xε) ∩ B(xε,2ε) = ∅ for each ε > 0. This completes the proof. 
Applying the approximate fixed point Theorem 5, we obtain the following fixed point theorem
on an almost-subadmissible subset of a metric space.
Theorem 6. Let (M,d) be a metric space and X be an almost-subadmissible subset of M . If
T :X → 2X is compact, lower semicontinuous and closed, then T has a fixed point in X.
Proof. According to Theorem 5, T has the approximate fixed point property. Therefore, for each
ε > 0, there exist xε ∈ X and x′ε ∈ X such that x′ε ∈ T (xε) ∩ B(xε, ε). Now since T is compact,
we may assume that x′ε converges to x0 as ε → 0. Consequently, xε also converges to x0 as
ε → 0. Now, since T is closed, we have x0 ∈ T (x0). 
Form Theorem 6, we immediately have the following corollary:
Corollary 2. Let (M,d) be a metric space and X be a subadmissible subset of M . If T :X → 2X
is compact, lower semicontinuous and closed, then T has a fixed point in X.
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